Abstract. We study density of parabolic elements in a finitely generated relatively hyperbolic group G with respect to a word metric. We prove this density to be zero (apart from degenerate cases) and the limit defining the density to converge exponentially fast; this has recently been proven independently by W. Yang in [18]. As a corollary, we obtain the analogous result for the set of commuting pairs of elements in G 2 , showing that the degree of commutativity of G is equal to zero.
Introduction
A group G is hyperbolic to a collection of subgroups {H ω } ω∈Ω if, loosely speaking, it is hyperbolic except for the part that is inside the set P consisting of elements in the subgroups H ω and their conjugates. It is therefore natural to ask whether taking elements from G "at random" we can expect these elements to be outside P and therefore "behave like in a hyperbolic group". We prove that this is the case if G is finitely generated and the sequence of measures that makes sense of the words "at random" comes from a word metric on G.
More precisely, let G be a finitely generated group and let X be a finite generating set for G. Denote by | · | X : G → Z ≥0 the word metric on G with respect to X. For any n ∈ Z ≥0 , define the sets S G,X (n) := {g ∈ G | |g| X = n}, the sphere of radius n in the Cayley graph Γ(G, X), and B G,X (n) := {g ∈ G | |g| X ≤ n} = n i=0 S G,X (n), the ball of radius n in Γ(G, X). The following definition can be used to characterise "small" subsets of G. The term "negligible" to describe small subsets of G r (for a finitely generated infinite group G) was coined in [11] , although the definition given therein is not equivalent to Definition 1.1 here; in the case r = 1, the following definition is used implicitly in [5] .
1 Definition 1.1. Let r ≥ 1, and let S ⊆ G r be a subset. For n ≥ 0, let δ X (S, n) := |S ∩ B G,X (n) r | |B G,X (n)| r be the fraction of elements in B G,X (n) r that belong to S. The set S is said to be negligible in G with respect to X if δ X (S, n) → 0 as n → ∞. Moreover, S is said to be exponentially negligible in G with respect to X if in addition there exists a constant ρ > 1 such that δ X (S, n) ≤ ρ −n for all sufficiently large n.
There are various definitions of relatively hyperbolic groups, due to M. Gromov [8] , B. Farb [7] , C. Druţu & M. Sapir [6] , D. V. Osin [14] , D. Groves & J. S. Manning [9] , and B. H. Bowditch [4] . In this paper we use the definition by Osin; for a precise statement, see Section 2. Our main result is as follows:
Theorem 1.2. Let G be a finitely generated group that is not virtually cyclic, and let X be a finite generating set. Suppose that G is hyperbolic with respect to a collection of proper subgroups {H ω } ω∈Ω . Let
be the set of parabolic elements of G. Then P is exponentially negligible in G with respect to X. Remark 1.3. During the process of writing up this paper, the author has discovered a more general result by W. Yang in [18] . In particular, Theorem 1.7 therein is the same as Theorem 1.2 above, and it is closely related to a genericity result that works in a more general setting [18, Theorem A]. Thus most of this paper merely gives an alternative proof to a recent but already-known result.
As an immediate consequence of the Theorem we obtain: Corollary 1.4. Let G and X be as in Theorem 1.2. Let Q ⊆ G be the set of finite order elements. Then P ∪ Q is exponentially negligible in G with respect to X.
The next result computes the degree of commutativity of relatively hyperbolic groups. The degree of commutativity of a finitely generated group G with respect to a finite generating set X was defined by [3] as
It has been conjectured [3, Conjecture 1.6] that dc X (G) = 0 whenever G is not virtually abelian (independently of X). The next corollary confirms the conclusion of the conjecture in the case when G is a non-elementary relatively hyperbolic group, thereby generalising the result for hyperbolic groups in [3, Theorem 1.7] . Corollary 1.5. Let G and X be as in Theorem 1.2. Then the set of pairs of commuting elements, {(x, y) ∈ G 2 | xy = yx}, is exponentially negligible in G with respect to X.
The structure of the paper is as follows. Section 2 defines relatively hyperbolic groups and recalls some of the main results on the geometry of their Cayley graphs. Section 3 derives some further results relating geodesics and quasi-geodesics of the "usual" (i.e. locally compact) and "coned-off" (cf terminology in [7] ) Cayley graphs. We give a proof of Theorem 1.2 in Section 4, and proofs of Corollaries 1.4 and 1.5 in Section 5.
Notation. For a group G and a generating subset Z ⊆ G, we will write Z * for the set of all words over Z ∪ Z −1 , and we will identify these words in the obvious way with paths starting at 1 ∈ G in the Cayley graph Γ(G, Z) (we do not require Z to be finite and so Γ(G, Z) to be locally finite). Moreover, we will identify G with the vertices of Γ(G, Z). Given a path P in Γ(G, Z), we also say it is labelled by a word Q ∈ Z * if P = gQ (viewed as paths) for some g ∈ G, and we let P − (resp. P + ) be the starting (resp. ending) vertex of P . For a word P ∈ Z * , we will write ℓ Z (P ) for the length of the path P in Γ(G, Z) (= number of letters in P ∈ Z * ), and we will write P = P G for the corresponding element of G. For an element g ∈ G, we will write |g| Z for the word length of g with respect to Z; in particular, if p, q are vertices in Γ(G, Z), then the distance between them will be |p −1 q| Z .
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Preliminaries
We use Osin's definition of relative hyperbolicity, given in [14] . For this, let G be a group, {H ω } ω∈Ω a collection of subgroups of G, and X ⊆ G a subset. Define the group F := ( * ω∈Ω H ω ) * F (X), and let ϕ : F → G be the canonical homomorphism. If there exists a finite subset X ⊆ G as above such that ϕ is surjective and ker(ϕ) is the normal closure of a finite set R ⊆ F , then G is said to be finitely presented relative to {H ω } ω∈Ω .
Moreover, if we define
then any word P ∈ (X ∪ H) * such that the image P = P F of P in F is in the kernel of ϕ satisfies an equality
for some f i ∈ F , r i ∈ R and ε i ∈ {±1}; let Area rel (P ) be the minimal value of n such that P can be written as above. If there exists a constant C ≥ 0 such that Area rel (P ) ≤ Cℓ X∪H (P )
for every P ∈ (X ∪ H) * such that P G = 0, then G is said to satisfy a relative linear isoperimetric inequality (with respect to X and {H ω } ω∈Ω ).
Definition 2.1. The group G is said to be hyperbolic relative to {H ω } ω∈Ω if it is finitely presented with respect to {H ω } ω∈Ω and satisfies a relative linear isoperimetric inequality. We call the H ω the peripheral subgroups of G, and say G is relatively hyperbolic if it is hyperbolic relative to some collection of peripheral subgroups.
For the remainder of the paper we fix a group G and a collection of proper subgroups {H ω } ω∈Ω , such that G is hyperbolic relative to {H ω } ω∈Ω (given some finite subset X ⊆ G, which is also fixed for now). We will usually assume that, moreover, G is finitely generated and X is a (finite) generating set.
It is worth noting that in this case Definition 2.1 is independent of a chosen generating set X. Indeed, given two finite generating sets X and Y , suppose G is finitely presented relative to X. Then G is also finitely presented relative to Y since the canonical homomorphism
where R is as above, and ψ X (P ) (resp. ψ Y (P )) is a word over X ∪ H (resp. Y ∪ H) obtained by replacing every letter of Y (resp. X) in P ∈ (Y ∪ H) * (resp. P ∈ (X ∪ H) * ) by a word over X (resp. Y ) representing the same element in G. Moreover, [14, Theorem 2.34] says that G satisfies a linear isoperimetric inequality with respect to X if and only if G satisfies it with respect to Y .
The definition below summarises common terms used to describe paths in Γ(G, X ∪ H). The endpoints of paths in Cayley graphs that we consider will always be vertices.
Definition 2.2. Let P be a path in the Cayley graph Γ(G, X ∪ H). We say that (i) a subpath Q of P is an H ω -subpath if it is labelled by a word from (H ω ) * , with a convention that a single vertex is an H ω -subpath for any ω ∈ Ω; (ii) a subpath Q of P is an (H ω -)component if it is a maximal H ω -subpath, and a maximal H ω -subpath Q is called a trivial (H ω -)component if it is a single vertex; (iii) a vertex p of P is non-phase if it is an interior vertex of some component of P , and p is phase otherwise; (iv) two H ω -components Q 1 , Q 2 of paths P 1 , P 2 , respectively, in the graph Γ(G, X ∪ H) are connected if there is an edge from (Q 1 ) − to (Q 2 ) − labelled by an element of H ω ; (v) an H ω -component Q of P is isolated if it is not connected to any other H ω -component of P ; (vi) the path P does not vertex backtrack (resp. does not backtrack ) if all its components (resp. all its non-trivial components) are isolated, and vertex backtracks (resp. backtracks) otherwise.
It is clear that if P is a geodesic in Γ(G, X ∪ H), then P does not vertex backtrack and all its vertices are phase.
We are interested in the collection P of parabolic elements of G.
3. An element g ∈ G is parabolic if it is conjugate to some element of H ω for some ω ∈ Ω, and g is hyperbolic otherwise. We denote by
the set of parabolic elements of G.
We now recall some of the results about relatively hyperbolic groups which will be used in this paper. The first of them is a stronger version of the statement that the graph Γ(G, X ∪ H) is Gromov-hyperbolic.
Theorem 2.4 ([14], Theorem 3.26).
There exists a constant ν ∈ Z ≥1 with the following property. Let ∆ ⊆ Γ(G, X ∪ H) be a geodesic triangle with edges P , Q and R, and let p ∈ P be a vertex. Then there exists a vertex q ∈ Q ∪ R such that
The second result introduces what is known as the bounded coset penetration (BCP) property. For this, recall the following definition.
Theorem 2.6 ([14], Theorem 3.23). For any given λ ≥ 1 and c ≥ 0, there exists a constant ε = ε(λ, c) ≥ 0 with the following property. Let P and Q be (λ, c)-quasi-geodesic paths in Γ(G, X ∪ H) that do not backtrack such that P − = Q − and P + = Q + . Then (i) If p ∈ P is a phase vertex, then there exists a phase vertex q ∈ Q such that |p
The following (perhaps less standard) result allows us to enlarge an arbitrary finite generating set Y of G to a "nicer" set X such that geodesics in Γ(G, X) can be related to quasi-geodesics in Γ(G, X ∪ H). For this we need to construct derived paths, defined by by Antolín & Ciobanu in [2, Construction 4.1] (to avoid unnecessary complications, we will only define this for geodesics).
Definition 2.7. Let X be a finite generating set for G, let P be a geodesic path in Γ(G, X). We can (uniquelly) express P as a concatenation
where the U i are labelled by non-trivial words in (H ω i ) * for some ω i ∈ Ω, and no U i is a proper subpath of a subpath Q of P such that (U i ) − = Q − and Q is labelled by a word in some (H ω ) * .
(i) The derived path P of P is a path in Γ(G, X ∪ H) given by
where h n is an edge labelled by an element of
(ii) We call a vertex p ∈ P a phase vertex of P if it is not an interior vertex of any of the U i (and so "survives" in P ).
Theorem 2.8 ([2], Lemma 5.3).
Let Y be an arbitrary generating set for G. Then there exist λ ≥ 1, c ≥ 0 and a finite subset H ′ of H such that for every finite subset X of G satisfying
and for any geodesic path P in Γ(G, X), the derived path P in Γ(G, X ∪ H) is a (λ, c)-quasi-geodesic that does not vertex backtrack.
A generating set X satisfying the conclusion of Theorem 2.8 will be called a well-behaved generating set.
Finally, we have the following finiteness results.
Theorem 2.9 ([14], Corollary 2.48).
If G is finitely generated, then we have |Ω| < ∞.
ω is infinite for some ω, ω ∈ Ω and g ∈ G, then ω = ω and g ∈ H ω .
Geodesics in Cayley graphs
Combining Theorems 2.4, 2.6(i) and 2.8 it is easy to see that we have the following result. In particular, we may takeδ := ν + 2ε(λ, c), where ν and (λ, c) are given by Theorems 2.4 and 2.8, respectively, and ε(λ, c) is given by Theorem 2.6. Corollary 3.1. Let X be a well-behaved generating set of G. There exists a constantδ ≥ 0 with the following property. Consider a geodesic triangle in Γ(G, X) formed by edges P , Q and R, and let p be a phase vertex of P . Then there exists a phase vertex q of either Q or R such that
This implies that for a path P in Γ(G, X) that is "not too long", phase vertices of the geodesic with endpoints P − , P + are "not too far" from P .
Proposition 3.2. Let X be a well-behaved generating set of G, and let P be a path in Γ(G, X). Let Q be a geodesic in Γ(G, X) with endpoints Q − = P − , Q + = P + , and let q be a phase vertex of Q. Then there exists a vertex p of P such that
Proof. Letδ ≥ 0 be the constant given by Corollary 3.1, and let
The proof resembles one that proves that geodesics in a hyperbolic metric space diverge exponentially, see e.g. [8, Lemma 7.1.A].
We start with the geodesic Q and, for b a binary string of length ≤ s, define the geodesics Q b as follows. Suppose that the geodesic Q b has been defined for a binary string b of length < s. Let m b be a vertex on P such that
where P b0 (resp. P b1 ) is a subpath of P with endpoints (Q b ) − and m b (resp. m b and (Q b ) + ). Then we define Q b0 (resp. Q b1 ) to be a geodesic with endpoints ( 
is a subpath of P , so in particular q s ∈ P , and we get
as required.
In particular, as a corollary we obtain the following result.
Corollary 3.3. Let Y be any finite generating set for G. Then there exist constantsλ ≥ 0 andc ≥ 0 such that the following holds. Let P be a geodesic path in Γ(G, Y ), and let Q be a geodesic path in Γ(G, Y ∪ H) such that Q − = P − and Q + = P + . Then for any vertex q of Q, there exists a vertex p of P such that
Remark 3.4. In fact, the conclusion of Corollary 3.3 can be strengthened by further requiring a constant bound on |p −1 q| Y that is independent of P , i.e. we can further assume thatλ = 0, and (moreover) it is enough to require P to be a quasi-geodesic. This is shown in [10, Lemma 8.8] . However, for the purposes of proving Theorem 1.2, the conclusion of Corollary 3.3 is enough.
Proof of Corollary 3.3. Let X be the well-behaved finite generating set containing Y given by Theorem 2.8, and note that X ∪ H = Y ∪ H. Let λ X be the constant of the bilipschitz equivalence of Y and X, i.e. a constant such that |g| Y ≤ λ X |g| X for any g ∈ G (we may take λ X := max{|x| Y | x ∈ X}). Given the generating set X, let (λ, c) andδ be given by Theorem 2.8 and Corollary 3.1, respectively, and let ε(λ, c) be given by Theorem 2.6. Now let R be a geodesic path in Γ(G, X) with R − = i(P ) − and R + = i(P ) + , where i :
is the canonical inclusion. Let q ∈ Q be a vertex; note that, since Q is a geodesic, q is necessarily a phase vertex. By Theorem 2.8, R is a (λ, c)-quasi-geodesic, and so by Theorem 2.6(i), there exists a vertex r of R (viewed also as a phase vertex r of R) such that |r −1 q| X ≤ ε(λ, c). Now let p ∈ P (technically, i(p) ∈ i(P )) be the vertex given by applying Proposition 3.2 to the path i(P ), the geodesic R and the phase vertex r of R. Thus we have 1
so settingλ := λ Yδ andc := λ Y δ + ε(λ, c) gives the result.
In particular, note that with P , p and q as in Corollary 3.3, the number |p −1 q| Y has a sublinear upper bound in terms of ℓ Y (P ). We will fix the constantsλ andc given by Corollary 3.3 for the remainder of this section, which gives a proof of the following Theorem.
Theorem 3.5. Suppose G is not virtually cyclic, and let X be a finite generating set for G. Then we have
Letĥ ∈ P be an arbitrary parabolic element; by increasing the constant D if necessary we may assume thatĥ = 1. Thusĥ = ghg −1 for some g ∈ G and h ∈ H ω for some ω ∈ Ω; choose (g, h) in such a way that |g| X∪H is minimal. Consider the conjugacy diagram R 1 QR −1 2 P −1 , where the paths P , Q, R 1 and R 2 are geodesics in Γ(G, X ∪ H) such that P G =ĥ, Q G = h and (R 1 ) G = (R 2 ) G = g; note that Q is a single edge. Let P 0 be a geodesic in Γ(G, X) such that ( P 0 ) − = P − and ( P 0 ) + = P + . See Figure 1 , left.
R 21 R 22 Figure 1 . The conjugacy diagram R 1 QR −1 2 P −1 (left) and the map i to the tripod (right). Now we temporarily relax the assumption that endpoints of paths in Cayley graphs are always assumed to be vertices, and view all graphs as geodesic metric spaces. Let m be the midpoint of the edge Q and consider the isometry i from the diagram R 1 QR −1 2 P −1 to a tripod T , such that P − , P + and m are mapped to the "leaves" of T . Let c be the "branching vertex" of T , and let c 1 (resp. c 2 , c 3 ) be the (unique) point in i −1 (c)∩R 2 (resp. i −1 (c)∩R 1 , i −1 (c) ∩ P ). For each j ∈ Z/3Z, let U j be a geodesic in Γ(G, X ∪ H) with (U j ) − = c j−1 and (U j ) + = c j+1 . Finally, for j ∈ Z/2Z, let R j1 (resp. R j2 ) be the subpath of R j with endpoints (R j1 ) − = (R j ) − and (R j1 ) + = c j+1 (resp. (R j2 ) − = c j+1 and (R j2 ) + = (R j ) + ). See Figure 1 .
We call a geodesic n-gon in a graph nice if its vertices (as an n-gon) are also vertices of the graph. Now by Theorem 2.4, nice geodesic triangles in Γ(G, X ∪ H) are ν-slim (meaning any edge of the triangle is in the ν-neighbourhood of the union of other two edges). Since any general geodesic triangle in a graph is a nice geodesic n-gon for n ≤ 6, it can be shown (by drawing diagonals) that any geodesic triangle in Γ(G, X ∪ H) is (3ν)-slim. In particular, if we apply [1, Proposition 2.1] to the conjugacy diagram R 1 QR −1 2 P −1 (viewed as a geodesic triangle with vertices P − , P + and m), the following is true:
(ii) The diameter of i −1 (c) is ≤ 12ν, i.e. ℓ X∪H (U j ) ≤ 12ν for j ∈ {1, 2, 3}.
We now divide the argument in two parts, depending on whether or not Q is connected to a non-trivial component of U 3 .
Lemma 3.7. There exists a universal constant f 0 = f 0 (G, Y, {H ω } ω∈Ω ) ≥ 0 such that if Q is connected to a component of U 3 for some triple (ĥ, h, g) as above, then
Proof. Since R 12 , R 22 and U 3 are geodesics, and Q is connected to a component of U 3 , it follows by Lemma 3.6 (ii) that
and so ℓ X∪H (R 12 ) = ℓ X∪H (R 22 ) ≤ 6ν + 1.
By Lemma 3.6, it follows that given any vertex r on R 12 (resp. R 22 ), there exists a vertex p on P such that we have |p −1 r| X∪H ≤ 18ν + 1 and |P
It is easy to check that in this case
2 is a (1, 36ν + 3)-quasi-geodesic. Note also that the path R 1 QR −1 2 does not backtrack: indeed, if Q was connected to a non-trivial component of either R 1 or R 2 then it would be connected to both of them, and if some non-trivial components of R 1 and R 2 were connected then, since R 1 and R 2 are geodesics both labelled by g, this would contradict the minimality of |g| X∪H .
Now consider the (phase) vertices
2 . Applying Theorem 2.6 (i) to R 1 QR −1 2 and P and Corollary 3.3 to P 0 and P , it follows that there are vertices p − and p + on P 0 such that
It follows that there exist elements
and
Thus setting f 0 := 4(c + ε(1, 36ν + 3)) gives the result. Now consider the paths R 12 Q and U 3 R 22 with endpoints (U 3 ) − and Q + . Since Q is a single edge, it follows from Lemma 3.6 (ii) that both of these paths are (1, 24ν)-quasi-geodesics. As follows from the proof of Lemma 3.7, R 12 Q does not backtrack; U 3 R 22 might backtrack, but we can "shorten this path along any backtracks" to find a (1, 24ν)-quasi-geodesic path U with U − = (U 3 ) − and U + = Q + such that all the vertices of U are on U 3 R 22 . Applying Theorem 2.6 (ii) to R 12 Q and U then says that if |h| X > ε(1, 24ν) then Q is connected to a non-trivial component of U . As the path QR
−1 22
does not backtrack, in this case Q cannot be connected to a component of R 22 (apart from (R 22 ) + = Q + if it is a trivial component of R 22 ), and so Q must be connected to a component of U 3 .
Therefore Lemma 3.7 applies whenever |h| X > ε(1, 24ν), thus for all but finitely many elements h. By setting D := D 0 B G,X (ε(1, 24ν)) + 1 (for some D 0 ≥ 0) and picking f : Z ≥0 → Z ≥0 to be the pointwise maximum of finitely many sublinear functions (so still sublinear), Theorem 3.5 follows from the following result (since 1 ∈ H ω ):
Lemma 3.8. Let h 0 ∈ H ω for some ω ∈ Ω, and let P(h 0 ) be the set of elementsĥ in the conjugacy class h G 0 such that if g and h are as above, then h = h 0 and Q is not connected to a component of U 3 . Then
for some constants D 0 , f 0 ≥ 0.
Proof. Consider the closed path R 12 QR does not backtrack and by assumption Q is not connected to a conponent of U 3 , it follows that given any two distinct non-trivial connected components of R 12 QR
3 , one of them must be on U 3 and the other one on either R 12 or R 22 . But since U 3 is an arbitrary geodesic, we may without loss of generality assume that (loosely speaking) U 3 follows R 12 (and U 
3 (in red and blue) and C = R 12 Q R 22
Suppose without loss of generality that one of the following three cases holds:
) and ( U 3 ) − is a phase vertex of the closed path C, or (iii) ℓ X∪H ( R 12 ) = ℓ X∪H ( R 22 ) and both ( U 3 ) − , ( U 3 ) + are non-phase vertices of C.
Let r + be ( U 3 ) + if ( U 3 ) + is a phase vertex of C, and let r + be the vertex on R 22 that is adjacent to ( U 3 ) + = ( R 22 ) − otherwise. It follows that both r + and r − :=ĥ −1 r + (the latter one being a vertex of R 12 ) are phase vertices of C. Moreover, there is a subpath of C with endpoints r − and r + that is a union of at most
All of these components have length 1 (apart from, possibly, one or two components which have length 2), hence |r −1 − r + | X∪H ≤ 12ν + 3. Now consider the two subpaths of C joining r − and Q + . By the above, it follows that they are (1, 24ν + 6)-quasi-geodesics that do not backtrack and do not have non-trivial connected components. By Theorem 2.6 (ii), if S is a component of C, then |S and fixing r 0 ∈ G it is enough to show that
for some constant f 0 ≥ 0, where P(h 0 , r 0 ) is the set ofĥ ∈ h G 0 with h = h 0 and r 0 as above.
Note that every vertex v on U 3 satisfies |r −1 − v| X ≤ (12ν + 1)ε(1, 24ν + 6). Since U 3 is an arbitrary geodesic (after fixing its endpoints), we may assume (similarly to the case above) that U 3 follows R ′
12
−1 R −1 11 (and U 3 −1 follows
21 ) until the last of their non-trivial connected components. Thus we obtain a path R 1 U ′ 3 R 2 −1 (where R 1 , U ′ 3 , R 2 are subpaths of R 1 , U 3 , R 2 , respectively) that does not backtrack and all its vertices are phase, except for possibly endpoints of U 3 ′ . Since all vertices of this path are on 
Thus in either case there exists a vertex v of U 3 and some w ∈ G such that vw is a phase vertex of a (1, 36ν)-quasi-geodesic with endpoints P − and P + that does not backtrack, and such that
where the right hand side is defined and finite by Theorem 2.10. Therefore, by Theorem 2.6 (i) and Corollary 3.3 it follows that this vertex v satisfies |v −1 u| X ≤ f 1 for some vertex u of P 0 , where
It follows that there exists some z ∈ B G,X (f 1 ) such that
Thus setting f 0 := 2f 1 + (12ν + 1)ε(1, 24ν + 6) implies that |r − | X ≤ |ĥ| X +f 0 2 , which gives the result.
Exponential negligibility of P
This section is dedicated to a proof of Theorem 1.2. We need the following definition.
Definition 4.1. For a group K with a finite generating set Z, the (exponential) growth rate of K with respect to X is the limit
By submultiplicativity of ball sizes in Γ(K, Z) and a well-known result called Fekete's Lemma, it follows that this limit always exists and is equal to inf{ n |B K,Z (n)| | n ∈ Z ≥0 }.
In order to prove Theorem 1.2, we use growth tightness of relatively hyperbolic groups: . Suppose G is not virtually cyclic. Let X be a finite generating set for G, and let N G be an infinite normal subgroup. Let X be the image of X under the quotient map G → G/N , so that X is a finite generating set of G/N . Then µ(G/N, X) < µ(G, X).
We also use Dehn filling in relatively hyperbolic groups, namely the following result. 1 (1) ). Let G be hyperbolic relative to a collection of subgroups {H ω } ω∈ Ω . Then there exists a finite subset F of G \ {1} with the following property. Let {N ω } ω∈ Ω be a collection of normal subgroups N ω H ω such that N ω ∩ F = ∅ for each ω ∈ Ω, and define a normal subgroup N :
We fix a finite generating set X of G for the remainder of the section. The main ingredient in the proof of Theorem 1.2 (apart from Theorem 3.5) is the following Lemma.
Lemma 4.4. For any ω ∈ Ω, the subgroup H ω ≤ G is exponentially negligible in G (with respect to X).
Proof. The idea is to use results in [13] and Theorem 4.3 to find a quotient of G whose growth could be compared to the growth of H ω , and then use Theorem 4.2.
Suppose first that there exists a normal subgroup N G such that the number M := |H ω ∩ N | is finite. Then the quotient G/N is generated by the set X of images of elements of X under the quotient map, and clearly |gN | X ≤ |g| X for any g ∈ G. Also, for fixed elements g ∈ G and t 0 ∈ H ω ∩ gN , we have
In particular, it follows that
Thus, by Theorem 4.2 it follows that as long as N is infinite we have lim sup
which implies that H ω is exponentially negligible in G. Thus the problem reduces to showing that there exists an infinite normal subgroup N G such that H ω ∩ N is finite.
To construct such a subgroup, we use Dehn filling in relatively hyperbolic groups. Let g ∈ G be a hyperbolic element (i.e. an element of G \ P) such that the order of g is infinite: such an element exists by [13, Corollary 4.5] . Consider the subgroup
Clearly g ∈ E G (g), and by [13, Lemma 4.1] , the index of g ∼ = Z in E G (g) is finite. Also, by [13, Corollary 1.7] , G is hyperbolic relative to the collection
Let Ω := Ω ⊔ {0} and let H 0 := E G (g).
Now let F ⊆ G \ {1} be the finite subset given by Theorem 4.3 applied to G and the collection of subgroups {H ω } ω∈ Ω . Since F is finite, we have g m ∩ F = ∅ for m ∈ Z ≥1 large enough. Let N ω := {1} for ω ∈ Ω = Ω\{0}, and let
e. the kernel of the action of E G (g) on the set of left cosets of g m in E G (g). As the index of g m in E G (g) is finite, so is the index of N 0 in E G (g), so in particular, as E G (g) is infinite, so is N 0 . Therefore, applying Theorem 4.3 yields an infinite normal subgroup N = N 0 G of G such that, for each ω ∈ Ω, the group H ω ∩ N is trivial, hence finite. Finally, for n + f (n) − 2i < n 0 , we have
and so we again get exponential convergence. It follows that P is exponentially negligible.
Degree of commutativity
This section is dedicated to the proofs of Corollaries 1.4 and 1.5.
Given Theorem 1.2, the proof of Corollary 1.4 is easy. Indeed, it is easy to check (either directly from Definition 2.1, or by using characterisation of hyperbolically embedded subgroups given by [13, Theorem 1.5]) that if a group G is hyperbolic relative to {H ω } ω∈Ω and F ≤ G is any finite subgroup, then G is hyperbolic relative to {H ω } ω∈Ω ∪ {F }. But there are only finitely many conjugacy classes of finite-order hyperbolic elements in G (i.e. elements of G\P) [14, Theorem 4.2], hence there exists a finite collection {F 1 , . . . , F m } of finite cyclic subgroups of G such that any hyperbolic element of finite order is conjugate to an element of one of the F j . Thus G is hyperbolic relative to {H ω } ω∈Ω ∪ {F 1 , . . . , F m }, and with this structure of a relatively hyperbolic group every hyperbolic element of G has infinite order. Corollary 1.4 then follows directly from Theorem 1.2.
Given the previous paragraph, we may without loss of generality assume that all hyperbolic elements in G have infinite order. The proof of Corollary 1.5 then follows closely the proof of [3, Theorem 1.7] , stating an analogous result for ordinary hyperbolic groups. The following Lemma has been stated as Lemma 3.1 in [3] in a slightly different form, but the proof remains the same. For a group G and an element g ∈ G, let C G (g) denote the centraliser of g in G.
Lemma 5.1. Let G be a group generated by a finite subset X, and let N ⊆ G be a subset such that (i) N is exponentially negligible in G with respect to X, and (ii) there exist constants ρ > 1 and n 0 ≥ 0 such that
for all g ∈ G \ N and n ≥ n 0 .
Then {(x, y) ∈ G 2 | xy = yx} is exponentially negligible in G with respect to X.
Thus, by taking N = P, in the view of Corollary 1.4 it is enough to show Lemma 5.1 (ii).
Since the index of k g in C G (g) is ≤ 2m 0 , this implies that
which gives a linear (and so subexponential) bound independent of g. Since by assumption G is not virtually cyclic, the growth rate of G is µ(G, X) > 1, and so the proof is complete.
